We review peculiar features of type IIA string theory compactified on AdS 4 × CP 3 superspace, in particular, the structure of the Green-Schwarz action, issues with fixing its kappa-symmetry, classical integrability and the string instanton on CP
Introduction
The present interest in type IIA string theory on the AdS 4 × CP 3 background is mainly motivated by the AdS 4 /CF T 3 correspondence. The knowledge of the structure of the worldsheet theory is necessary for working on various problems of this correspondence from the string theory side. In this contribution we discuss some peculiar features of the string theory on AdS 4 × CP 3 which make it different from the prominent AdS 5 × S 5 superstring. First of all, obviously, the target spaces of the two theories are different, but, probably, the most crucial difference is that AdS 4 × CP 3 theory is less supersymmetric. It possesses 24 of 32 type IIA D=10 supersymmetries which, together with the AdS 4 × CP 3 isometries, form the supergroup OSp(6|4).
The lack of supersymmetries causes a more complicated structure of the AdS 4 × CP 3 superspace in which the string propagates. Though it has the OSp(6|4) isometry and its bosonic subspace is the direct product of symmetric spaces (AdS 4 = SO(2, 3)/SO (1, 3) and CP 3 = SU(4)/U(3)), this superspace (with ten bosonic and thirty two fermionic directions) is not a supercoset manifold. This is in contrast to the AdS 5 × S 5 case in which the background superspace is the supercoset P SU(2, 2|4)/SO(1, 4) × SO (5) .
The more complicated, non-supercoset, structure of the AdS 4 × CP 3 superspace makes the proof of the classical integrability of the worldsheet theory in this target superspace much more tricky than in the AdS 5 × S 5 case. Lack of some supersymmetry can, perhaps, be a reason that some basic issues have still not been completely settled on both sides of the AdS 4 /CF T 3 correspondence (see e.g. [1] for a recent review). For instance, there are still some subtleties and discrepancies in matching CF T 3 anomalous dimensions with string energies (see e.g. [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] ). There are subtleties in matching worldsheet degrees of freedom with those of S-matrix scattering theory [16] (there are light and heavy worldsheet modes, while the scattering theory describes only light ones [17] ). There is an issue regarding the existence of dual superconformal symmetry in the ABJM model [18, 19, 20, 21, 22] and the fermionic T-duality of the AdS 4 × CP 3 superstring [23, 24, 25, 26, 27, 28] . The AdS 5 /CF T 4 counterparts of these dual symmetries have been known to play an important role in revealing and understanding various properties of the correspondence (see e.g. [29, 30, 31, 32, 33, 34, 35, 36, 37] ).
Another peculiarity of the AdS 4 × CP 3 string theory is that it has worldsheet instantons which wrap a non-trivial 2-cycle in CP 3 [38] . In contrast, there are no worldsheet instantons in string theory on AdS 5 ×S 5 but there are D-instantons. The role of the latter in the AdS 5 /CF T 4 correspondence is understood pretty well, their CFT duals being the conventional gauge-field instantons (see e.g. [39] for a review and references). The role of the worldsheet instantons in the AdS 4 /CF T 3 holography should still be unveiled (for first results in this direction see [40, 41, 42] ). Note also that on the CFT side of the correspondence there exist monopole instantons in the ABJM model [43] which, however, do not have (at least a direct) relation to the AdS 4 × CP 3 string instantons. In what follows we shall discuss the structure of the Green-Schwarz action for the superstring on AdS 4 × CP 3 [44] , subtleties of its kappa-symmetry gauge fixing and reduction to the OSp(6|4)/SO(1, 3) ×U(3) supercoset sigma-model of [45, 46, 47] , the evidence for the classical integrability of this theory [45, 46, 48] and properties of the worldsheet instanton on CP 3 [38] .
where T = 1 2πα ′ is the string tension, ξ i (i, j = 0, 1) are the worldsheet coordinates,
are worldsheet pullbacks of the target superspace vector supervielbeins and B 2 (X, Θ) is the pull-back of the NS-NS 2-form superfield.
Via the superfields E A (X, Θ) and B 2 (X, Θ) the string couples to all component fields of the supergravity multiplet including the RR fields, which are encoded in the form of the superfields like eq. (4). This makes the Green-Schwarz formulation indispensable to the study of the string in Ramond-Ramond backgrounds, since the classical Ramond-Neveu-Schwarz formulation does not include the RR fields. So if one knows the explicit form of E A (X, Θ) and B 2 (X, Θ) in terms of the component fields to all (thirty two) orders in Θ then one knows the explicit form of string couplings to supergravity.
The Green-Schwarz formulation has an important local fermionic symmetry, the kappasymmetry, which reflects the existence of supersymmetric BPS configurations of strings (and branes) and which in some cases allows one to considerably simplify the structure of the action by removing pure-gauge fermionic degrees of freedom. The kappa-symmetry transformations of the worldsheet fields
) leave the superstring action (5) invariant provided the superbackground obeys the superspace supergravity constraints like (3). The kappa-variations of Z M are such that they are zero along the tangent-space vector directions
while along the spinorial directions they have the following form
where κ α (ξ) is a 32-component Grassmann-odd spinor parameter, 1 2 (1 + Γ) α β is a spinor projection matrix with
where ε 01 = −ε 10 = 1 and G ij = E i A E j B η AB is the induced metric on the worldsheet. Due to the presence of the projector, only half of the components of κ α (ξ) are involved in the kappa-transformations. Thus, kappa-symmetry can be used to gauge away 16 of the 32 worldsheet fermionic modes Θ µ (ξ). Upon having reviewed generic properties of the GreenSchwarz formulation, we are now in a position to discuss the main features of the AdS 4 × CP The AdS 4 × CP 3 solution of type IIA supergravity has been known since the early 80s [49] and was studied in detail by Nilsson and Pope [50] . The compactification of the D = 10 space-time into AdS 4 × CP 3 is carried out by non-zero expectation values of the F 2 and F 4 RR fluxes. The F 4 flux is proportional to the volume four-form on AdS 4
and the F 2 flux is proportional to the Kähler form on CP
where a, b, . . . = 0, . . . , 3 and a ′ , b ′ , . . . = 4, . . . , 9 are AdS 4 and CP 3 tangent space indices respectively, R AdS is the AdS 4 radius which is half of the CP 3 one and φ is a constant dilaton which defines the string coupling constant g str and is related to the rank N of the gauge group, the Chern-Simons level k and the 't Hooft coupling constant λ = N/k of the dual CF T 3 theory as follows [51] 
Note also that in string units
Our goal is to understand how the string interacts with the AdS 4 × CP 3 background and, in particular, with the F 2 and F 4 fluxes. As we have seen, the supergravity fields enter the Green-Schwarz action as the component fields in the Θ-expansion of the supervielbeins E A (X, Θ) and the NS-NS two-form B 2 (X, Θ). Therefore, to know the explicit form of the Green-Schwarz action we should derive an explicit form of the type IIA superfields to all 32 orders in Θ. In principle, this can be done by solving the superfield supergravity constraints, like (3), and corresponding Bianchi identities, taking the bosonic AdS 4 × CP 3 background as the initial condition. However, such a computation is very tedious and, in general, can hardly lead to a reasonably treatable result due to the complexity. For instance, so far D. Tsimpis [52] has managed to arrive at the 5-th order in Θ in the generic case of D = 11 supergravity. On the other hand, when the background possesses a huge symmetry and is maximally supersymmetric, as in the case of AdS 4 ×S 7 and AdS 7 ×S 4 in D = 11, or AdS 5 ×S 5 in type IIB string theory, the corresponding superspace geometry turns out to be that of supercoset spaces whose bosonic subspaces are the backgrounds of interest. For example, the AdS 5 × S 5 superspace is the supercoset P SU(2, 2|4)/SO(1, 4) × SO(5) and the structure of its supervielbeins and gauge-field superforms can be derived using the Maurer-Cartan equations in an explicit compact form (see e.g. [53, 54] ).
So the natural thing to do also in the AdS 4 × CP 3 case is to try to reduce the string action to a sigma model on the supercoset space OSp(6|4)/SO(1, 3) × U(3) which contains AdS 4 × CP 3 as the bosonic subspace but has only 24 fermionic directions. Such a model was constructed by several groups of authors [45, 46, 47, 55, 56] . It was assumed that this supercoset model is a partially gauge-fixed version of the complete Green-Schwarz superstring in which the eight fermions corresponding to broken supersymmetries were gauged away using kappa symmetry. To identify these fermions we should understand which 24 supersymmetries of the 32 ones get preserved by the AdS 4 × CP 3 background. To this end let us look at the supersymmetry transformations of the fermionic fields, i.e. gravitino and dilatino. Since in the background under consideration the fermionic fields are zero, the background is invariant under 1 From the above relations between the parameters one deduces that the Type IIA supergravity regime is valid when λ ≫ 1, since in string units R 
those supersymmetries under which the fermionic fields remain zero. In particular, consider the variation of the type IIA dilatino that has the following form (when the dilaton is constant and the NS-NS flux H 3 is zero)
In our case the RR fluxes are those in eqs. (9) and (10), so the variation of the dilatino reduces to
where γ 5 = iΓ 0123 and γ 7 = iΓ 456789 . We see that the variation is zero if ǫ satisfy the condition
It turns out that P 8 is a 32 × 32 projection matrix which has eight non-zero eigenvalues [50] .
Thus it annihilates 24 of the 32 components of ǫ, and these 24 components correspond to the unbroken supersymmetries.
In the superspace formulation, supersymmetry transformations act (at the linearized level) as translations on the fermionic coordinates of the superspace
Therefore, the 24 fermionic coordinates satisfying the projection condition
are associated with the unbroken supersymmetries, while the remaining eight coordinates
are associated with the broken supersymmetries. It is natural to try to get rid of these coordinates in the superstring action by using kappa-symmetry (7). If it is possible, we are left with ten bosonic coordinates, 14) . These are what we need for parametrizing the supercoset space OSp(6|4)/U(3)×SO (1, 3) . Then one can construct a worldsheet action on this supercoset, similar to the supercoset sigmamodel for the AdS 5 × S 5 superstring. The building blocks for this action are the components of the Cartan form
where K(x, y, ϑ) is a coset element of the supergroup OSp(6|4), and P a , P a ′ , Q αα ′ and M are the generators of the OSp(6|4) algebra. The indices α label the AdS 4 Majorana spinors and the indices a ′ = 1, · · · 6 label the six-dimensional representation of SU(3). The Cartan form component Ω associated with the generators M of the stability subgroup U (3) ×SO(1, 3) plays the role of the spin connection on this superspace. The Cartan form components associated with the generators P a and P a ′ of translations along AdS 4 × CP 3 are vector supervielbeins of this superspace whose pullbacks are used to construct the Nambu-Goto part of the GreenSchwarz action (5), while the fermionic supervielbeins E αa ′ (x, y, ϑ) can be used to construct its Wess-Zumino term in a simple explicit form [57] . The OSp(6|4)/U(3) × SO(1, 3) sigma-model action has the following form [45, 46] 
where we have given the first term in the Nambu-Goto form instead of making use of an auxiliary worldsheet metric and C αβ = −C βα is the D = 4 charge conjugation matrix. Let us note that the functional dependence of E A (X, ϑ) and E αa ′ (X, ϑ) can be derived in an explicit form using a chosen realization of the coset element K(X, ϑ), e.g. an exponential one K(X, ϑ) = e XP e ϑQ . By analogy, with the AdS 5 × S 5 supercoset sigma-model [58] , the sigma-model (17) was shown to be classically integrable [45, 46] . However, it does not describe all possible sectors of string theory in AdS 4 × CP 3 . Only when the superstring is extended in CP 3 can its dynamics be described by this OSp(6|4)/U(3) × SO(1, 3) supercoset sigma-model [45, 44] . The reason is that the kappa-symmetry gauge fixing which we used to eliminate the eight broken supersymmetry fermions υ is not always admissible. For instance, it is not admissible when the string moves entirely in the AdS 4 part of the superbackground or forms a worldsheet instanton in CP 3 . To verify that kappa-symmetry can eliminate all the eight υ, one should check that for a given classical solution the kappa-symmetry projector (8) does not commute with the projector P 8 (13). It is not hard to see that, e.g. when the string moves in AdS 4 only (i.e. the CP 3 coordinates y m ′ are worldsheet constants) the two projectors commute and this means that kappa-symmetry can eliminate only half of υ. In the supercoset sigma-model this problem manifests itself in the fact that in the AdS 4 subsector the number of independent kappa-symmetries gets increased from eight to twelve which results in the loss of four physical fermionic degrees of freedom. Therefore, to describe the string theory in such singular sectors one needs to know the form of the Green-Schwarz action in the AdS 4 × CP 3 superspace with all 32 fermionic directions.
The simplest way to get the geometrical structure of this superspace turned out to be the Kaluza-Klein dimensional reduction of the maximally supersymmetric AdS 4 × S 7 solution of D = 11 supergravity whose superspace is the supercoset manifold OSp(8|4)/SO(7) × SO(1, 3). It has been known since the early 80s that the type IIA AdS 4 × CP 3 solution is related to the D = 11 AdS 4 × S 7 solution by dimensional reduction [50, 59, 60] . The geometrical ground for this relation is the Hopf fibration structure of S 7 with CP 3 being the base and an S 1 ∼ U(1) circle being the fiber. So, to derive the geometry of the AdS 4 × CP 3 superspace from the structure of OSp(8|4)/SO(7) × SO(1, 3) one should generalize the Hopf fibration of S 7 to the whole superspace OSp(8|4)/SO(7)×SO(1, 3) and then to perform the dimensional reduction of its U(1) fiber. In other words, a key point is to find a parametrization of the OSp(8|4)/SO(7)× SO(1, 3) supercoset geometry which would manifest its structure as a U(1)-fiber bundle over a base superspace M 10,32 having AdS 4 × CP 3 as the D = 10 bosonic subspace and 32 fermionic directions. This M 10,32 is the superspace we are looking for. It was constructed, using the above reasoning, in [44] . Having at hand the supervielbeins of M 10,32 one plugs them into to the Green-Schwarz action (5) which can now be used for studying the AdS 4 × CP 3 superstring in those sectors of the theory which are not reachable by the supercoset model. For instance, one can try to extend the proof of the classical integrability of the OSp(6|4)/U(3) × SO(1, 3) sigma-model to the complete superstring theory in AdS 4 × CP 3 .
Integrability of the AdS
The classical integrability of a two-dimensional dynamical system manifests itself in the presence in the theory of an infinite number of conserved currents and charges. These conserved quantities can be derived using a so-called Lax pair or connection. This is a one-form L = dξ i L i (ξ, z) on the 2d worldsheet which takes values in a symmetry algebra, depends on a numerical (spectral) parameter z and has zero curvature
provided that the equations of motion of the dynamical system are satisfied. And vice versa, the zero-curvature condition should imply the equations of motion. The classical integrability is proven if one manages to construct L(ξ, z). However, no generic prescription exists for how to do this. Different systems may require different techniques. In the case of supercoset sigma-models whose isometry supergroup possesses Z 4 -grading, as in the cases of P SU(2, 2|4)/SO(1, 4) × SO (5) and OSp(6|4)/U(3) × SO(1, 3), an elegant construction was proposed in [58] . Without going into details which the reader may find in [58, 45, 46] , we present the result of the construction of a Lax connection for the OSp(6|4)/U(3) × SO(1, 3) sigma-model (16) and (17) L
where the numerical parameters l 1 (z), · · · , l 4 (z) are restricted by the zero-curvature condition (18) to depend on the single spectral parameter. Note that L takes values in the OSp(6|4) algebra.
In the case of the complete Green-Schwarz string (i.e. when the kappa-symmetry is not fixed at all) the superstring moves in AdS 4 × CP 3 superspace with thirty two Grassmann-odd directions and the eight worldsheet fermionic fields associated to the broken supersymmetry contribute to the structure of the supervielbeins E A , E αa ′ and to the connection Ω thus spoiling their nature as components of the G/H Cartan form. As a result, as one can check by direct calculations, the OSp(6|4) Lax connection of the form (19) constructed from Ω, E
A and E α which include the dependence on these eight fermions will not have zero curvature for any non-trivial choice of the coefficients. Therefore, a modification of (19) by additional terms depending on the fermions υ is required for restoring the zero curvature condition (18) . To reveal the structure of the additional terms, an alternative way of constructing the Lax connection proved to be successful [48] . It uses the structure of the conserved Noether current of the OSp(6|4) symmetry of the complete AdS 4 × CP 3 superstring action. The Noether current (written as a 2d one-form) is the sum of two currents
The current J B (X, ϑ, υ) is associated with the bosonic symmetries SO(2, 3) × SU(4) and the current J susy (X, ϑ, υ) is associated with the 24 supersymmetries of the superbackground. The bosonic isometry current has the following generic structure
where K A (X) are the Killing vectors of AdS 4 × CP 3 and where J 1 and J 2 start at quadratic order in fermions.
The Lax connection is constructed using the pieces of the OSp(6|4) Noether current and has the following structure
where · · · stands for terms which are higher order in υ.
For generic motion of the string in the M 10,32 superspace we have shown in [48] that this Lax connection has zero curvature at least up to the second order in fermions. When the fermions υ are put to zero this connection is related to the supercoset Lax connection (19) by an OSp(6|4) gauge transformation. The construction of the higher order fermionic terms in the Lax connection (22) has turned out to be technically a rather involved problem. So far, the full Lax connection has been constructed only for the subsector of the complete theory which describes the string moving in AdS 4 and carrying eight fermionic excitations υ [48] , while the CP 3 embedding coordinates y m ′ and 24 fermionic modes ϑ are set to zero. However, since this is a subsector that is not reachable by the supercoset sigma-model, the proof of its integrability gives a major evidence for the classical integrability of the complete AdS 4 × CP 3 superstring. It would be useful, though, to find a systematic and geometrically grounded procedure for the construction of a Lax connection of the complete theory to all orders in the thirty two fermions.
String instanton in CP 3
Another interesting peculiarity of the AdS 4 ×CP 3 superstring, which the AdS 5 ×S 5 superstring does not have, is the existence on CP 3 of string instantons. They are formed in the Wick rotated theory by the string worldsheet wrapping a topologically non-trivial two-cycle of CP 3 . This two-cycle is a CP 1 ≃ S 2 corresponding to the closed Kähler two-form J 2 on CP 3 . Let us first consider the purely bosonic CP 3 -instanton solution of the Wick rotated string equations. In this case the fermionic modes Θ are zero and the AdS 4 coordinates x m are worldsheet constants, while the CP 3 coordinates, given in terms of three complex variables y I (I = 1, 2, 3), are holomorphic (or anti-holomorphic) functions of the complex worldsheet coordinate z = τ + iσ. The holomorphicity conditions
solve the string equations of motion and are just the 2d counterparts of the self-duality conditions satisfied e.g. by the D = 4 Yang-Mills instantons. In this respect the string instanton in CP 3 is similar to the instantons in the two-dimensional chiral CP N sigma-models found back in the 70s [61, 62] . The only difference is that in the case of the string one should check that also the Virasoro constraints are satisfied by eq. (23), which is indeed the case. One can further check that this instanton solution is 1/2 BPS, i.e. it preserve half of the supersymmetry of the background. This means that one can generate fermionic zero modes of the instanton by considering the variation of Θ under the supersymmetries which do not leave the purely bosonic solution invariant. In this way one can get twelve zero modes which play the role of goldstinos. But the instanton may also have fermionic zero modes that are not related to supersymmetries which it breaks. To check whether these modes do exist one should consider the fermionic part of the string action evaluated on the purely bosonic instanton solution (usually to the second order in fermions). In our case, in the conformal gauge and upon eliminating half of the 32 Θs using kappa-symmetry, we can write the instanton action in the following form
where the first term is the classical instanton action with n being the instanton winding number and R being the CP 3 radius. The second term is a constant axion contribution to the instanton action which may come from a non-zero expectation value of the NS-NS B 2 -field proportional to the Kähler form J 2 on CP 3 . Note that when such a B 2 flux is present, the CF T 3 dual of the string (and M) theory is the ABJ model [63] .
The analysis of the Dirac equations for the fermions which follow from the action (24) shows [38] that the instanton does not have zero modes associated with the fermions υ, while ϑ has twelve zero modes as we expected using the supersymmetry reasoning. It is interesting that these twelve zero modes are divided into eight and four ones which have different geometrical and physical meaning. The eight massive fermionic zero modes are four copies of the two-component Killing spinor on the instanton surface S 2 and the four other fermionic modes are two copies of a massless chiral and anti-chiral fermion on S 2 electrically coupled to the electromagnetic potential created on S 2 by a monopole placed in the center of S 2 . The monopole potential arises as part of the CP 3 spin connection pulled-back to the instanton S 2 . The presence of the string instanton and its fermionic zero modes may generate nonperturbative corrections to the string effective action, which may affect its properties and if so should be taken into account in studying, e.g. the AdS 4 /CF T 3 correspondence. For instance, the instantons may, probably, contribute to the worldsheet S-matrix and/or to energies of a semiclassical string. Note that quite recently Drukker, Mariño and Putrov [41] found contributions coming from worldsheet instantons to the partition function and Wilson loop observables computed in a matrix model description of ABJ(M) theory.
Conclusion
In this contribution we have discussed peculiar features of the string theory in the AdS 4 × CP 3 superbackground regarding the structure of its action, classical integrability and the worldsheet instantons on CP 3 . Other aspects of the AdS 4 × CP 3 superstring theory, in particular, different kappa-symmetry gauge fixings simplifying its action, Penrose and other limits have been studied e.g. in [64, 65, 66, 67, 68, 69] .
In conclusion we would like to mention one more issue of this theory, the so called fermionic T-duality of the Green-Schwarz action. In the case of the AdS 5 × S 5 superstring there is a worldsheet T-duality of bosonic string coordinates along the Minkowski boundary of AdS 5 [70, 35] accompanied by a dual transformation of eight (complex) fermionic coordinates (associated with translational isometries) [36, 37] which brings the AdS 5 × S 5 superstring action to itself but in a different kappa-symmetry gauge. It has been shown that this self-duality of the AdS 5 × S 5 superstring is related to earlier observed dual conformal symmetry of maximally helicity violating amplitudes of the N = 4 super-Yang-Mills theory and to the relation between gluon scattering amplitudes and Wilson loops at strong and weak coupling [29, 30, 31, 32, 33, 34, 35, 36, 37] . In the context of the AdS 4 /CF T 3 correspondence, manifestations of the dual superconformal symmetry in the ABJM model have been found in [18, 19, 20, 21, 22] . The bosonic T-duality of the AdS 4 ×CP 3 superstring action has been performed in [23, 24] , however the dualization of string fermionic coordinates encountered problems [23, 24, 25, 26, 27, 28] caused, in particular, by a singularity of the matrix transforming original variables to the dual ones. So the worldsheet self-duality of the AdS 4 × CP 3 superstring still remains an important open issue whose solution would shed light on the holographic nature of the dual superconformal symmetry in the ABJM model and would give a better understanding of the interrelation between the integrable structures on both sides of the AdS 4 /CF T 3 duality. Finally, let us note that, as has been pointed out in [71] (see also [10] ), the tension of the string in AdS 4 × CP 3 should acquire a worldsheet two-loop correction which results in a shift of the 't Hooft coupling λ. It would be of interest to compute this correction directly using the AdS 4 × CP 3 superstring action.
